Dangling edge spins of dimerized two-dimensional spin-1 Heisenberg antiferromagnets are shown to exhibit non-ordinary quantum critical correlations, akin to the scaling behavior observed in recently explored spin-1/2 systems. Based on large-scale quantum Monte Carlo simulations, we observe remarkable similarities between these two cases, and also examine the crossover to the fundamentally distinct behavior in the one-dimensional limit of strongly coupled edge spins. We complement our numerical analysis by a cluster mean-field theory that encompasses the qualitatively similar behavior for the spin-1 and the spin-1/2 case, and its dependence on the spatial edge spin configuration in a generic way.
I. INTRODUCTION
Many aspects of quantum critical magnets can be described in terms of an effective classical field theory. This applies in particular to quantum critical points of unfrustrated quantum antiferromagnets, for which the quantum-to-classical mapping provides a description of the quantum critical properties of a d-dimensional quantum system in terms of a d + 1-dimensional classical φ 4 field theory 1 . For an SU(2)-symmetric system, the effective field theory contains a 3-component φ field with an O(3)-symmetric action, which also describes, e.g., the thermal criticality of classical Heisenberg ferromagnets.
An interesting twist to this relationship is provided by considering surface critical phenomena in quantum magnets. While the field of classical surface criticality is rather mature, and a systematic theory based on the renormalization group has been developed early on (see, e.g., Ref. 2 for an extended review), recent work 3-5 uncovered surprises when it comes to applying these results to a corresponding low-dimensional quantum magnetic system: Most striking in this respect is the observation that several two-dimensional unfrustrated quantum critical magnets may exhibit values of the algebraic scaling exponents at appropriately prepared edges that are not observed at surfaces of the corresponding threedimensional classical Heisenberg model. In particular, for the O(3)-symmetric case, the Mermin-Wagner theorem forbids the presence of a finite-temperature surface transition above the bulk critical temperature 6 . In effect, the classical surface exhibits algebraic correlations only at the bulk's critical temperature, defining the bulkinduced, ordinary surface universality class.
It was indeed observed recently in various unbiased numerical studies that two-dimensional SU(2)-invariant Heisenberg antiferromagnets exhibit algebraic correlations at the edges of a quantum critical bulk that are in accord with the scaling exponents of the ordinary surface universality class [3] [4] [5] . However, this is not the only possibility: In fact, it was found that such systems exhibit a remarkably distinct, non-ordinary power-law scaling behavior for appropriately constructed edge spin configura-
FIG. 1. Columnar dimer lattice with non-dangling edge spins (N, top edge) and dangling edge spins (D, bottom edge). Solid (open) circles show bulk (edge) spins, and thick red (thin black) lines denote intra-(inter-) dimer couplings, JD (J).
tions, characterized by so-called dangling edge spins [3] [4] [5] . A simple model that allows us to illustrate this scenario is shown in Fig. 1 : Here, we consider spin-S degrees of freedom located on the sites of a square lattice, with SU(2)-invariant Heisenberg exchange interactions along the nearest-neighbor bonds. The exchange constants are arranged such as to form a columnar system of coupled spin dimers. Denoting the (stronger) intra-dimer coupling as J D , and the inter-dimer coupling J, this system for S = 1/2 is well known to exhibit a quantum critical point at a values of J/J D = 0.52337(3) 7, 8 , which separates a phase with antiferromagnetic order from the quantum disordered regime of strong dimer coupling J D . In addition, Fig. 1 illustrates two different kinds of edges: the edge spins at the top edge are each connected to another spin by a strong dimer coupling J D , while for the configuration shown at the bottom, the edge spins are in that respect missing their strong-coupling partner. We denote these two possibilities as non-dangling (N) and dangling (D) edge spins, respectively.
As detailed in Refs. 3-5 for the spin-1/2 case, the edge spins exhibit algebraic power-law correlations for both kinds of edges if the ratio J/J D is tuned to the bulk critical value. However, the dangling edge spin configuration exhibits non-ordinary values of the corresponding critical exponents, in contrast to the non-dangling case, arXiv:1906.07051v1 [cond-mat.str-el] 17 Jun 2019
for which the power-law exponents are in good accord with established values for the ordinary surface transition of the three-dimensional O(3) theory. Moreover, the differences between the dangling and the non-dangling exponents are rather substantial and in some cases involve differences even in the overall sign. Such a distinction was also observed in other spin-1/2 antiferromagnets for which a corresponding formation of edges with dangling or non-dangling edge spins can be realized. Moreover, the non-ordinary scaling exponents for the dangling cases take on values that compare well among the various considered models, even though weak variations in the reported numerical values were observed. This may be taken as indication for a distinct universality class underlying this non-ordinary surface criticality.
It was furthermore noted in Ref. 4 that the numerical values of the non-ordinary exponents are similar to those obtained by a renormalization group calculation in second-order expansion (around four dimensions) for the special surface transition of the classical O(N ) model -after a naive extrapolation to = 1, and setting N = 3. The fact that the classical three-dimensional Heisenberg ferromagnet, corresponding to N = 3, does not feature this special transition, was argued to be due to the proliferation of topological defects in the effective φ field configurations, which are not accounted for by the renormalization group approach 4 . It was thus suggested in Ref. 4 , that the topological θ term in the effective field theory of the spin-1/2 antiferromagnetic Heisenberg chain leads to the suppression of these topological defects and thereby stabilizes the special surface transition for the case of the spin-1/2 quantum model. As is well known, this topological θ term arises from the spin Berry phase and is associated with the gapless, quantum critical ground state of the spin-1/2 Heisenberg chain. This is in marked contrast to the case of the spin-1 (or any other integer-S) Heisenberg chain, which is described by the standard non-linear sigma model without a topological θ term, and which is instead characterized by an exponential decay of the spin correlation function and a finite magnetic excitation gap [9] [10] [11] [12] [13] [14] .
In view of these arguments, it is not clear, whether the non-ordinary edge criticality observed for dangling edge spins of quantum critical spin-1/2 magnets may in fact also appear in the spin-1 case, or whether in this case instead both non-dangling as well as dangling edge spins exhibit ordinary critical exponents. In this work, we address this question by means of unbiased quantum Monte Carlo (QMC) simulations for the specific case of the columnar dimer lattice in Fig. 1 . We provide clear evidence for the emergence of non-ordinary exponents also in the case of dangling spin-1 edges, whereas for the non-dangling case, we recover the ordinary scaling exponents from the classical theory. Furthermore, we examine the crossover from the edge spin system to the strongly coupled edge spin chain limit, for which the distinction between the half-integer vs. integer spin-S case is eventually recovered. Finally, we provide a cluster mean-field (MF) theory in terms of the dimer units of the columnar dimer lattice as a simple approximative analytical treatment of these quantum critical systems.
The further layout of this paper is as follows: In Sec. II, we introduce the model system in more detail as well as the QMC approach that we used for our numerical analysis. The results of our numerical studies are presented Sec. III, and the cluster mean-field (MF) theory is introduced in Sec. IV. Final conclusions are drawn in Sec. V.
II. MODEL AND QMC METHOD
In the following, we examine the S = 1 columnar dimer antiferromagnet, described by the Hamiltonian
where the first summation extends over the bonds of strength J, coupling neighboring spin from different dimers, and the second summation extends over the dimer bonds of strength J D , cf. Fig. 1 . To examine this model by an unbiased numerical means, we used the stochastic series expansion (SSE) QMC approach with directed loop updates [15] [16] [17] for all the numerical simulations reported in this paper. Similar to the spin-1/2 case, at zero temperature, T = 0, this system undergoes a continuous quantum phase transition separating antiferromagnetic order from the quantum disordered phase of strong dimer coupling at a critical coupling ratio, which can be extracted as approximately J/J D ≈ 0.19 from Fig. 11 of Ref. 7 . We are not aware of a precision estimate of the location of the critical point, which is required for our purpose, and thus performed a standard finite-size scaling analysis to determine this bulk quantity, based on QMC simulations of finite systems with periodic boundary conditions, cf. App. A. From this analysis, we obtained a value of the critical inter-dimer coupling of J/J D = 0.18920(2) for the S = 1 case.
When open boundary conditions are applied along one of the lattice directions, as shown in Fig. 1 , there may be either inter-dimer J bonds or J D dimer bonds terminating on the surface. This gives rise to either dangling or non-dangling edge spins, respectively, cf. Fig. 1 . In order to examine the properties of these edge spin subsystems at the bulk quantum critical point, we simulated systems of L × L two-spin dimer unit cells (with a total of 2L 2 spins), scaling the temperature as T = J D /(2L), since the dynamical critical exponent for the bulk transition is z = 1, in order to probe the ground state properties. In the following section, we present the numerical results from these QMC simulations.
III. QMC RESULTS
Here, we are interested in the behavior of the edge spin system, when the bulk is tuned to the quantum critical point, J/J D = 0.18920(2). In this case, in addition to the bulk, the edge spins also exhibit power-law behavior, featuring distinct critical exponents. To extract these, we measured the spin-spin correlations S z i S z j among two edge spins i, j at a distance r parallel to the edge, denoted C (r), as well as the correlations C ⊥ (r) between an edge spin i and an equivalent bulk spin j (with respect to the unit cell) at a distance r perpendicular to the edge. We consider in particular the value of these correlations at the maximum distance L/2 on the finite clusters, C (L/2) and C ⊥ (L/2). Monitoring the L-dependence of these quantities allows us to monitor the corresponding correlations as a function of distance, based on QMC data from the largest accessible distance on each finite system. In addition, we measured the staggered susceptibility χ s of the edge spin subsystem using the Kubo-integral
Here, the summation is restricted to the edge spins (with i = ±1, depending on the sublattice to which site i belongs).
A. Scaling Behavior
The observables that we introduced above are related to the surface critical exponents η , η ⊥ and y h1 via the scaling laws [3] [4] [5] (for the spatial dimension d = 2 and the dynamical critical exponent z = 1),
In correspondence to classical surface criticality, one furthermore expects the following scaling relations 2 to hold among these exponents [3] [4] [5] :
Here, η is the anomalous dimension at the bulk transition, with η = 0.0357(13) for the three-dimensional O(3) universality class 18 . Results for the linear system-size dependence of the three quantities are shown for both the dangling (D) and non-dangling (N) case in Fig. 2 , where for comparison we also show data for the S = 1/2 case on the same finite lattices at the corresponding quantum critical coupling strength of J/J D = 0.52337 (3) 7,8 . We observe a rather similar distinction between the dangling and nondangling cases for both values of the quantum spin S in terms of the L-dependence of the correlation functions. The difference between the spin-1/2 and the spin-1 case mainly concerns the overall magnitude of the correlations, which are enhanced for the spin-1 case, reflecting its reduced quantum character. A corresponding factor of S(S + 1) has been accounted for in the normalization of Fig. 2 . We observe that in the non-dangling case, these normalized correlations for S = 1/2 and S = 1 are particularly close.
Concerning the scaling of these quantities with the linear system size L, both spin values exhibit very similar slopes in Fig. 2 for both the dangling and the nondangling case, which quantify the scaling exponents according to Eq. (2). For the estimation of these exponents from the finite-size data, residual finite-size corrections to scaling have to be taken into account. Following the finite-size analysis for the spin-1/2 case 3-5 , we used the following general scaling ansatz for each of the three considered quantities C (L/2), C ⊥ (L/2), and χ s individually, where a, b, c 1 and c ns are fitting parameters. In particular, the exponent b directly relates to the surface critical exponents, according to Eq. (2). The L −ω term takes into account the leading correction to scaling (in practice, we fix ω = 1 as in previous work [3] [4] [5] ). We included this correction term, whenever its exclusion did not provide an acceptable fit of the finite-size data. Finally, the constant term, c ns , is included in the fitting ansatz for χ s for the non-dangling configuration, since in that case the nonsingular background provides the leading contribution to the susceptibility [3] [4] [5] . Whenever c 1 and c ns were not included as fit parameters, they were fixed to 0, see also Tab. I for a summary of this fitting procedure. Finally, we note that all fits were restricted to system sizes L ≥ 20.
From this finite-size analysis, we obtained the estimates for the S = 1 surface critical exponents shown in Tab. II, which also contains the corresponding values for the S = 1/2 case, taken from Ref. 5 . Based on this quantitative comparison, we confirm the observation from Fig. 2 , that for both S = 1/2 and S = 1 the dangling edge spins exhibit rather distinct scaling properties as compared to the case of non-dangling edge spins. For the later case, the critical exponents that we obtained for the S = 1 case are in good agreement with the standard estimates for the ordinary surface transition of the three-dimensional O(3) model, similarly to the previously examined S = 1/2 case [3] [4] [5] . Moreover, also in the case of dangling edge spins, the estimates of the non-ordinary critical exponents are similar for the two considered values of S. Within the estimated uncertainty, these values are also compatible with the scaling relations in Eq. (5). This shows that also dangling spin-1 edge spins exhibit non-ordinary surface criticality of a form that compares well to the S = 1/2 case in terms of the scaling properties. 
B. Edge Perturbations
The finding above poses the question, to what extent the non-ordinary behavior is actually stable with respect to perturbations being applied to the edge spin system. For example, in the case of classical surface criticality, different surface phases (if they are realized) can be accessed by varying the couplings at the surface, e.g., in the form of an enhanced coupling on the surface as compared to the bulk coupling strength. Similarly, we consider here a modified system 5 , in which we enhance those exchange couplings that directly connect two nearestneighbor dangling edge spins by a factor of (1 + κ), such that the case κ = 0 corresponds to the original model. This modified setup is illustrated in Fig. 3(a) . For increasingly large values of κ, we expect to eventually observe among the edge spins the correlations of the limiting one-dimensional spin chain. These are well known to be rather different for the S = 1/2 and the S = 1 case: while the former is dominated by a power-law decay, reflecting the gapless nature of the S = 1/2 Heisenberg chain, the S = 1 chain is characterized by an exponential decay, corresponding to its finite excitation gap. Based on the numerical data for the intra-edge correlations C (L/2), shown in Fig. 4 for the accessible system sizes, we find that these distinct limiting correlations prevail on distances below a crossover length scale, which increases for larger values of κ. The QMC data shown in Fig. 4 furthermore indicates that within the accessible system sizes the effective scaling exponent η slightly varies upon tuning the inter-edge coupling strength about κ = 0. A possible implication is that the non-ordinary critical exponents for the unperturbed system (κ = 0) may be less universal than previously anticipated 4 , or that significantly larger system sizes are needed in order Fig. 3(a) ), for the case of S = 1/2 (top panel) and S = 1 (bottom panel). Fig. 3(a) ), for the S = 1 system. Also shown are the results for an isolated one-dimensional spin-1 Heisenberg chain.
to probe the asymptotic scaling behavior, in particular for non-zero values of κ. We note here that the non-local string order parameter 19 , which characterizes the symmetry-protected topological order 20, 21 of the Haldane phase for the spin-1 Heisenberg chain, is not stable with respect to the coupling of the edge spin chain to the bulk system. We observe this breakdown of the string order parameter already within the quantum disordered regime, i.e., for even weaker values of J/J D than its quantum critical value: As shown in App. B, the dangling spin-1 edge spins or J/J D = 0.1 indeed exhibit the characteristic spinspin correlations of the isolated spin-1 chain, whereas the non-local string order correlations exhibit a strong decay, indicating the absence of this string order along the edge spin-1 chain, due to the coupling of the edge spins to the bulk fluctuations. Similarly, we find that at the quantum critical point, the string order parameter is strongly suppressed, as shown in Fig. 5 . Here, we quantify the non-local string order in terms of the corresponding correlation function at the maximum available distance,
, where the index on a spin labels its position along the (edge) spin chain. For an isolated spin-1 chain, this quantity converges to a finite value at large chain lengths L. However, we observe that for the as-cut dangling edge spins (κ = 0), the string order correlations are strongly suppressed at large L. While its magnitude increases upon increasing the intra-edge coupling, we find that even for the largest considered values of κ, eventually S(L/2) is still suppressed at sufficiently large length scales. As for the spin correlations, we observe only a gradual crossover to the limiting one-dimensional behavior. Beyond a corresponding length scale, which increases with increasing κ, the edge spin subsystem thus retains its surface character. It might be interesting to explore if for finite edge chains -i.e., for open boundary conditions along both square lattice directions -the edge modes of the spin-1 Haldane phase nevertheless persist the bulk coupling, similarly to the recently considered quantum critical onedimensional spin-1 XXZ chain 22 . If this would be the case, then the strong decay of the string order parameter would not be an appropriate indicator for the presence of the edge modes. One could for example try to address this question using local spectroscopic measurements. This extends however well beyond the scope of the present investigation, which concerns the static critical scaling properties of the critical edge spin system. Finally, we notice that for negative values of κ, i.e., for a suppressed direct coupling along the edge, the intraedge spin correlations are in fact enhanced compared to the case of κ = 0, for both S = 1/2 and S = 1. In particular, note that for κ = −1 the direct coupling along neighboring edge spins is completely removed. The rather strongly enhanced correlations in this limit suggest that the finite inter-edge coupling competes to some extend with the antiferromagnetic correlations induced by the critical bulk fluctuations. One possible reason would be an enhanced tendency of the intra-edge coupling to promote the formation of local singlet fluctuations. Such a genuine quantum effect is not captured within the corresponding classical surface criticality. It would thus be interesting to characterize the underlying mechanism in terms of an effective edge-only model that results from integrating out the bulk degrees of freedom, inducing thereby an effective (retarded) interaction among the edge spins. Such an analysis extends however Fig. 3(b) ), for the case of S = 1/2 (top panel) and S = 1 (bottom panel). In both panels, the dashed line indicates a power-law decay corresponding to the ordinary case of the non-dangling edge.
well beyond the scope of the present article.
There is a further means of probing the nature of the non-ordinary edge-spin correlations within our numerical approach. In particular, it is feasible to introduce a perturbation to the edge spin system that allows us to continuously tune between the dangling and the nondangling case 5 . For this purpose, we introduce a new row of spins and couple it to the original edge spins through a coupling of strength κJ D , as shown in Fig. 3(b) . Since small values of κ lead to a weak additional coupling as compared to the original couplings, the temperature scaling has been adapted to T = κ min /(2L) for these simulations, where κ min = 0.1 is the smallest finite value of κ that we considered. In this way, we ensure that we still probe ground state correlations, i.e., we assure that the effect of the new coupling is not suppressed by thermal fluctuations. This adaptation however increases the computational cost and it thus limits the accessible system sizes.
The results from the QMC simulations on these perturbed edges are shown in Fig. 6 . We again observe qualitatively similar behavior for both values of the spin S: For weak values of κ, the correlations along the edge spins is enhanced as compared to the case κ = 0. This shows, that the additionally coupled spins initially enhance the antiferromagnetic correlations along the edges. However, a further increase of κ leads to the suppression of the correlations, which eventually exhibit for κ = 1 a spatial decay that is indeed in accord with the scaling observed for the ordinary case (which is indicated in Fig. 6 by the dashed lines). We thus find that for this edge perturbation, which preserves the quasi two-dimensional character of the edge spin system, both S = 1/2 and S = 1 continue to exhibit their very similar behavior.
IV. DIMER MF THEORY
A simple means of rationalizing the similar qualitative behavior at the edges of the columnar dimer lattice for both S = 1/2 and S = 1 can be obtained from an appropriate MF theory, as detailed in this section. While we do not expect to be able to quantitatively describe within such a MF approach the quantum critical scaling exponents, we instead aim for a simple analytic account that captures the qualitative features observed in the QMC simulations. For this purpose, we calculated the magnetization profile of a semi-infinite spin-S columnar dimer system using a dimer-based cluster MF theory, cf. Fig. 7 . Within this approach, we examine the system in the antiferromagnetic regime near the quantum critical point, were the bulk order is weak. As shown below, the system is indeed found to exhibit rather distinct magnetization profiles, depending on wether the edge spins are dangling or non-dangling. Moreover, this qualitative distinction appears irrespectively of the value of the spin quantum number S, in accord with the QMC findings. The MF theory formulated below shares some similarity to the bond-operator MF approach for the S = 1/2 case 23, 24 , and can readily be formulated for higher values of S.
A. MF Equations
We start from the Hamiltonian in Eq. (1), and fix J D = 1 for convenience in this section. To account for the dominant singlet formation on the dimer (J D ) bonds, which leads to the presence of the quantum critical point, we perform a MF decoupling of the inter-dimer coupling (J), while leaving the dimer bonds intact. Since the system is translationally invariant parallel to its edge, we can label the magnetic MF parameters in terms of the perpendicular distance from the edge. More specifically, we denote the distance of the center of a dimer from the edge by y, and refer to the two spins of that dimer as S y,1 and S y,2 , where the former is the one closer to the edge. We then define the MF parameter m y in terms of the ground state expectation values S FIG. 7 .
Structure of the MF decoupling of the columnar dimer lattice model for the case of dangling edge spins. The lattice is considered semi-infinite in the vertical (y) direction, and has a horizontal extend that is specified by the number L of edge spins (L = 4 in the figure), where periodic boundary conditions are considered. The opaque dimers are part of the MF Hamiltonian. The remaining degrees of freedom are given by translation symmetry. The bottom row shows the special construction to treat the dangling edge spin condition.
Applying the decoupling of the inter-dimer couplings results in the following MF Hamiltonian for a semiinfinite system with L edge spins (cf. Fig. 7 ):
where the first summation extends over all the dimers within a single column of the semi-infinite system, and the second summation over all inter-dimer (J) bonds of the lattice. The MF solution minimizes H MF under the condition in Eq. (7). One can express H MF and the resulting MF equations explicity in terms of the ground state energy E S [h 1 , h 2 ] = H S and the local magnetization M S [h 1 , h 2 ] = S z 1 of a single spin-S dimer, with the Hamiltonian
which can be readily calculated exactly. In terms of these functions, we obtain
and
This self-consistency equation can be solved numerically, given appropriate boundary conditions at y = 0 and for y → ∞, to be considered next.
B. Boundary Conditions
For y → ∞, the value of m y approaches the bulk magnetization of the infinite model, denoted by m b . From the self-consistency condition m b is then determined through
The boundary condition at y = 0 depends on the details of the edge configuration. The non-dangling case can be implemented by setting m 0 = 0, so that effectively the non-dangling edge is formed by the bottom row of dimers. The case of dangling edge spins is more complicated to capture, since the current MF approach cannot treat unpaired spins. Hence, we introduce an artificial grouping of the edge spins into dimers (cf. Fig. 7 ), which allows us to use the dimer MF decoupling scheme also for the dangling edge spins. Note that in terms of the exchange couplings, translational symmetry is preserved by this grouping of the edge spins. For comparison with the QMC results, we furthermore allow for a modified coupling J(1 + κ) among neighboring edge spins and then arrive at the following self-consistency equation, which determines the MF parameter m 0 for the dangling case:
This equation can be solved independently of the bulk to yield a function m 0 = m 0 (m 1 ), considering m 1 as an external parameter. Note, that this equation does not depend on the coupling parameter J, and κ merely renormalizes the external field m 1 /(1 + κ). As such, the edge turns out to be always ordered because we find
for all values of the spin S. In the full treatment of the model, fluctuations will destroy this surface order. However, its presence for the dangling case within this MF approach corresponds nicely to the strongly enhanced intraedge spin-spin correlations observed in the QMC study of dangling edge spins, as compared to non-dangling case.
C. Connection to the Continuum Model
Close to the quantum critical point, m y S is small, and we can approximate
where the parameters a S and b S depend on S, and can be calculated from solving the spin-S single dimer system.
Substituting in Eq. (11) and expanding
leads to
if we discard higher order terms, such as m(y) 2 ∂ 2 y m(y).
we obtain a differential equation
which is exactly the MF equation of the continuous semiinfinite O(N ) model 2, 25 . We note, that within our approach, the normalization of m(y) is fixed to the asymptotic bulk value of the order parameters in the MF theory of the original lattice model (cf. also Fig. 8 ). In terms of τ , the bulk system resides within the disordered (ordered) phase for τ > 0 (τ < 0), with the bulk critical point located at τ = 0. From this continuum form, we can thus directly read off the value of the bulk critical coupling of the columnar-dimer model within our dimer-MF approach:
given in units of J D . For the S = 1/2 case, the above value agrees with the critical coupling ratio reported in Ref. 24 , obtained within the bond-operator MF theory for the columnar dimer lattice. For the further analysis of the magnetization profile within this continuum description, we need to again consider the boundary condition of the magnetization profile m(y) near the edge.
As mentioned already at the beginning of this section, we perform our calculations within the regime of finite, weak bulk order, corresponding to τ < 0.
Within the classical MF theory of surface critical phenomena, the boundary condition for the magnetization profile can then be specified in terms of the surface enhancement parameter c, which within MF theory is given in terms of the slope of the magnetization profile near the boundary,
At the MF level, its value distinguishes three different surface transitions, namely c > 0 leads to the ordinary transition, c = 0 to the special, and c < 0 to the extraordinary transition, respectively.
To draw a connection to the lattice boundary conditions, we approximate the slope at the boundary by the discrete derivative
in terms of the solution m(y, c, τ, u) of the continuum equation. In the non-dangling case we can use m 0 (m 1 ) = 0 to estimate the boundary slope in m(y) for small y, and obtain c ≈ 1. In the dangling case, we obtain an implicit equation for c that gives rise to a solution with c < 0. In fact, the analytical continuum solution m(y, c, τ, u) with the model parameters determined as described above, matches the numerical solution of Eq. (11) rather well (cf. Fig. 8 ). We find that for the non-dangling case, the magnetization profile decreases upon approaching the edge, while for the dangling case, it increases instead. This qualitative distinction is furthermore observed irrespectively of the actual value of S. In view of the approximative character of our MF approach, we draw the following conclusions from the analysis of this section: (i) Within the MF approximation, we observe distinctly different behavior for the case of non-dangling and dangling edge spins. (ii) This distinction results irrespectively of the spin value S, as observed also in the QMC simulations. (iii) The dimer MF theory provides a formal mapping to the continuum MF theory of the corresponding classical surface criticality of the three-dimensional O(N ) model. In particular, for the non-dangling case, the corresponding classical surface criticality in fact belongs to the ordinary case. (iv) The enhanced correlations for dangling edge spins observed in the QMC simulations relate to an ordered edge within the MF approximation. This is a generic property of the non-dangling case, even in the presence of a modified edge coupling strength. (v) Within our MF approach, the effective continuum description for the dangling case falls within the extended regime of the extraordinary surface criticality. This is a MF artefact however, because quantum fluctuations destroy the surface order along the one-dimensional edge, as observed in the QMC calculations.
V. CONCLUSIONS
Based on unbiased quantum Monte Carlo simulations, we demonstrated that dangling edge spins of twodimensional quantum critical edge spins exhibit nonordinary correlations, irrespectively of the values of the spin S = 1 or S = 1/2. Focusing on the columnar dimer lattice, we found that the distinction from the non-dangling case, which exhibits ordinary scaling exponents, is hence not in direct correspondence to the qualitatively distinct behavior of the corresponding single chain physics. These findings indicate that attempts to link the emergence of such non-ordinary edge criticality to Berry phase effects via a topological θ term in the low-energy effective action for the one-dimensional limit of dangling spin-1/2 spins cannot account appropriately for this unconventional scaling behavior. Finally, we presented a cluster mean-field theory that exposes the edge spin configuration (dangling vs. non-dangling) as the relevant characteristics to observe the non-ordinary surface criticality, irrespectively of the quantum spin number S. We hope that our results motivate the development of refined analytical treatments of the quantum fluctuations in these quantum critical edge spin systems. This may provide a quantitative understanding on the observed peculiar edge criticality and the corresponding scaling exponents.
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